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Both the large eddy simulation (LES) technique and the k-e turbulent model were
used to simulate the gas-liquid turbulent flow in a stirred tank driven by a Rushton
impeller. A Eulerian-Eulerian two-fluid model for gas–liquid two-phase flow was devel-
oped using the large eddy simulation for both gas and liquid phases. The relative
movement of the rotating impeller to the static baffles was accounted for through the
improved inner-outer iterative algorithm. The spatial discretization of the governing
equations was performed on a cylindrical staggered grid. For the LES, a conventional
Smagorinsky sub-grid model was adapted to modeling the turbulence of the liquid
phase. The momentum and continuity equations were discretized using the finite differ-
ence method, with a third order QUICK (Quadratic Upwind Interpolation for Convec-
tive Kinematics) scheme used for convective terms. The phase-resolved predictions of
the LES were compared with the experimental data and the simulation results by the
standard k-e model, suggesting that the LES has much better accuracy than the k-e
model. � 2008 American Institute of Chemical Engineers AIChE J, 54: 1963–1974, 2008
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Introduction

Gas–liquid stirred reactors are widely used in chemical and
biochemical industry. Many efforts have been made in simula-
tion of the gas–liquid flows in stirred tanks. Gosman et al.1

firstly extended the simulation of two-phase flow from two-
dimensional to three-dimensional cases with a simplified equa-

tion of the gas momentum and the impeller zone was dealt as a
black box. Bakker and van den Akker2 assumed that there was
little effect of the gas on the liquid phase and simulated the
gas–liquid flow in a stirred tank with different impellers
including Rushton impeller, pitched-blade impeller, and A315
impeller. In comparison with the experimental data measured
by themselves, the prediction was rather poor and the authors
attributed it to the treatment of the impeller zone as a black
box. Ranade and van den Akker3 used the two-fluid model to
describe the gas–liquid flow and the movement of the impeller
relative to the baffles was modeled by the snapshot method.
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Morud and Hjertager4 simulated the two-dimensional gas–liq-
uid flow in a stirred tank employing the black box approach,
too. Ranade and Deshpande5 studied the trailing vortex behind
an impeller by the snapshot method. Mao and coworkers6,7

employed the improved inner-outer iterative algorithm and the
two-fluid model to simulate the gas–liquid flow in a three-
dimensional stirred tank. Lane et al.8,9 predicted the gas–liquid
flow in a stirred tank using a multiple frames of reference
method to account for the relative movement of the impeller
with the consideration of coalescence and break-up of the bub-
bles. Khopkar et al.10,11 applied the two-fluid model and snap-
shot method to simulate the gas–liquid flow in stirred tanks.
Deen et al.12 employed a sliding mesh method to simulate the
interaction between the impeller and the baffles using a CFD
package. Sun et al.13 extended the two-fluid model and the
improved inner-outer iterative algorithm to the gas–liquid flow
in surface aerated stirred tanks.

Although the large eddy simulation was successfully
applied in the single phase simulation in stirred tanks,14–20 to
date there is no work published on studying the gas–liquid
flow in stirred tanks using the large eddy simulation (LES).
Several groups21–24 have attempted to apply the large eddy
simulation to the two-phase flow, but in all of these papers
the Lagrangian frame of reference were employed to model
the disperse phase. The only study on the flow in a stirred
tank using LES is by Derksen,25 who simulated the liquid–
solid flow describing the solid phase also by the Lagrangian
frame. As to the engineering application, the Eulerian formu-
lation is preferred. Up to now, only Smith and Milelli26 and
Deen et al.27 applied a combination of the large eddy simula-
tion and the Eulerian-Eulerian two phase flow approach to
simulate the gas–liquid phase flow.

In this work, we used two different models for turbulent vis-
cosity, i.e., LES model and standard k-e model. The Eulerian-
Eulerian approach is used to describe the gas–liquid two-phase
flow. The relative movement between the rotating impeller and
the static wall baffles was accounted for through the improved
inner–outer iterative algorithm.6 This article is the first attempt
to apply the large eddy simulation to a gas-sparged stirred tank.

Mathematical Model

Governing equations

The instantaneous equations for phase m (gas or liquid
phase) in an Eulerian-Eulerian formulation are generally
given as follows:

Continuous equation
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where umi, am are the instantaneous velocity components and
phase volume fraction for phase m, respectively, and Fmi is
the inter-phase momentum exchange terms.

The transport equations of k and e for the standard k-e
model can be written as

@

@t
qmamkð Þ þ @

@xj
qmamumikð Þ ¼ @

@xj
am

lt
rk

@k

@xj

� �

þ am G� qmeð Þ ð3Þ

@

@t
qmameð Þ þ @

@xj
qmamumieð Þ ¼ @

@xj
am

lt
re

@e
@xj

� �

þ am
e
k

C1 Gþ Geð Þ � C2qmeð Þ ð4Þ

Ge ¼ Cb Fmij j
X

ðuli � ugiÞ2
� �1

2

(5)

lt ¼ Cl
k2

e
(6)

where Ge represents the effect of bubbles on energy dissipa-
tion. Cb is an experiential parameter, which is taken as
0.02.28 Cl, rk, and re are empirical constants recommended
by Launder and Spalding29:

Cl ¼ 0:09; C1 ¼ 1:43; C2 ¼ 1:92; rk ¼ 1:0; re ¼ 1:3

G is the turbulence generation rate:
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For the LES, the space-filtered equations for the conserva-
tion of mass and momentum of an incompressible Newtonian
fluid can be written as

qm
@ð�amÞ
@t

þ qm
@

@xj
amumið Þ ¼ 0 (8)

@

@t
qmamumið Þ þ @

@xj
qmamumiumj
� �� �

¼ � @ �pð Þ
@xi

þ qmamgi

þ �Fmi þ @

@xj
lm

@ amumj
� �
@xi

þ @ amumið Þ
@xj

� �� �
: ð9Þ

The relationships between the variables in Eqs. 2 and 9 are

umj ¼ �u �mj þ u0mj (10)

am ¼ �am þ a0m (11)

p ¼ �pþ p (12)

where �uðu ¼ umj; am; pÞ represents the part that will be
resolved in the simulation and u

0
the unresolved part on a
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scale smaller than the mesh. So, Eqs. 8 and 9 can be re-
written as

@ qm�amð Þ
@t

þ @

@xj
qm�am�umj
� �þ @

@xj
qma0mu

0
mj

� �
þ @

@xj
qma0m�umj
� �

þ @

@xj
qm�amu

0
mj

� �
¼ 0 ð13Þ

@

@t
qm�am�umið Þ þ @

@t
qma0mu

0
mi

� �þ @

@t
qma0m�umi
� �þ @

@t
qm�amu

0
mi

� �
þ @

@xj
qm�amumiumj þ qma0mumiumj
� � ¼ � @ð�pÞ

@xi
þ qm�amgi

þ �Fmi þ lm
@

@xj

@ð�am�umjÞ
@xi

þ @ð�am�umiÞ
@xj

� �

þ lm
@

@xj

@ða0m�umj þ �amu0mjÞ
@xi

þ @ða0m�umi þ �amu0miÞ
@xj

 !
: ð14Þ

The unresolved parts of the numerical simulations are the
fluctuating velocity and holdup, which have to be omitted
because there are no proper closing methods yet. The mean
and the fluctuating velocities are the grid scale and the sub-
grid scale terms through a filtering operation. The terms with
umiumj are formulated by a LES subgrid model. Omitting the
terms with the a0m and u0mi, the above equations become
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smij ¼ umiumj � �umi�umj (17)

where smij is the subgrid scale stress tensor, which reflects
the effect of the unresolved scales on the resolved scales. In
this work, the effect of the sub-grid scales on the large scales
of the liquid phase is accounted for based on the standard
Smagorinsky model30:
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Here, a value of 0.1 was adapted for cs.
The effective gas viscosity is calculated based on the fol-

lowing formula:

leff;g ¼
qg
ql

leff;l: (22)

The inter-phase coupling terms make the two-phase flow
fundamentally different from the single-phase flow. Fmi satis-

fies the following relation:

Fl;i ¼ �Fg;i (23)

where subscripts l and g denote liquid and gas phase, respec-
tively. For the dispersed two-phase flow, Fm,i mainly consists
of four terms: the inter-phase drag force, the virtual mass
force, the Basset force, and the lift force. In most cases, the
magnitude of the Basset force and lift force are much smaller
than that of the inter-phase drag force. The virtual mass force
will be significant in the gas-liquid flows with large accelera-
tions such as the flow in bubble columns; however, the gas
hold-up values for the stirred vessels are usually rather low.
Compared to the drag force, the lift force and the virtual
mass force have little influence.3 Gosman et al.1 examined
the effects of the inter-phase forces by an order of magnitude
analysis, the conclusion was that the lift force and the virtual
mass force were much less significance compared to the drag
force in the stirred vessels. Recent report by Khopkar et al.11

also indicated that the effect of the virtual mass force is not
significant in the bulk region of the stirred tank. So only the
inter-phase drag force was included in the momentum

Figure 1. (a) The geometry of the tank; (b) Rushton
impeller.
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Figure 2. Instantaneous velocity fields in r-z plane at three different instants by the LES (x 5 41.9 rad/s).

(a) Gas phase (t 5 1.9 s); (b) Liquid phase (t 5 1.9 s); (c) Gas phase (t 5 2.6 s); (d) Liquid phase (t 5 2.6 s); (e) Gas phase (t 5 3.0 s);
(f) Liquid phase (t 5 3.0 s). [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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equations. In a non-inertial reference frame, there are also
the centrifugal force Fr,m and the Coriolis force Fc,m, which
could be written as

centrifugal force : Fr;m ¼ amqmðv 3 rÞ 3 x (24)

Coriolis force : Fc;m ¼ 2amqmv 3 um (25)

Drag coefficient

The inter-phase drag force exerted on the gas phase is
given by

Fg;l ¼ � 3agalqlCD

4db
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where CD, the inter-phase drag coefficient, is a complex
function on gas hold-up and turbulence intensity. We use the
correlation recommended by Brucato et al.31 with the empiri-
cal constant of 6.5 3 1026 recommended by Lane et al.32:
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Figure 3. Instantaneous velocity field in r–z plane at two different instants by the LES (x 5 62.8 rad/s).

(a) Gas phase (t 5 2.6 s); (b) Liquid phase (t 5 2.6 s); (c) Gas phase (t 5 3.0 s); (d) Liquid phase (t 5 3.0 s). [Color figure can be
viewed in the online issue, which is available at www.interscience.wiley.com.]
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db ¼ 0:68 3 0:725
r
ql

� �0:6

3 e�0:4
l

½11� (31)

where db is the bubble diameter, k the Kolmogoroff micro-
scale of dissipative eddies, and ll,lam the laminar viscosity of
the liquid. The above correlation takes account of the effect
of turbulence on the drag force of gas bubbles. Equation 31
introduces the effect of the turbulence on the bubble size dis-
tribution, but in the predicted results the bubble size is
actually in a narrow range about 5 mm.

Numerical Method

The geometry of the stirred tank simulated in this work is
depicted in Figure 1, consisting of a cylindrical tank with a

standard six-blade Rushton turbine and four baffles on the
tank wall, as the same as that tested by Lu and Ju.33 The
tank was filled with water at room temperature. A perforated
ring of 8 cm diameter steel tube was placed 3.5 cm below
the impeller as the sparger, on which the holes of 2 mm
diameter were drilled every 2 cm. The gas flow rate was
3.43 3 1024 m3 s21. Simulations were made for two impel-
ler rotating speeds (41.9 and 62.8 rad/s corresponding to the
Reynolds numbers of 9.2 3 104 and 6.9 3 104, and the tip
velocities utip of 3.0 m s21 and 2.3 m s21, respectively).

Except the axial component of the liquid velocity, the free
surface boundary condition was applied to all the variables
including k and e. The normal liquid velocity fell to zero at
the top free surface. The gas bubbles were free to escape
from the top surface. At all solid surfaces, no-slip boundary
conditions were enforced. An asymmetric boundary condition20

Figure 4. Phase-resolved velocity fields in r–z plane by the LES.

(a) Gas phase (x 5 41.9 rad/s); (b) Liquid phase (x 5 41.9 rad/s); (c) Gas phase (x 5 62.8 rad/s); (d) Liquid phase (x 5 62.8rad/s).
[Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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Figure 5. Velocity vector plots predicted by the standard k–e model (x 5 41.9 rad/s).

(a) Gas phase; (b) Liquid phase. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]

Figure 6. Predicted liquid velocity profiles by the LES compared with the experimental data by Lu and Ju33 and the
standard k–e model prediction at different radial positions.

(a) x 5 62.8 rad/s; (b) x 5 62.8 rad/s; (c) x 5 41.9 rad/s; (d) x 5 41.9 rad/s. [Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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was enforced at the axis below the impeller to allow the pos-
sible flow across the axis.

The tank was modeled with a uniform grid in cylindrical
coordinates. The discretization of the partial differential
equations was achieved by control volume formulation with
a staggered arrangement of primary variables, and then the
pressure-velocity coupling was dealt with the SIMPLE algo-
rithm.34 In the LES, high-order accuracy was needed to
decrease the numerical dissipation. To avoid the physical
phenomena being masked, a third-order QUICK scheme was
used for convective terms and a second-order central scheme
for diffusive terms. The time integration was discretized by a
Crank-Nicolson implicit scheme.

The implementation of the modified inner-outer iterative
procedures was involved with the numerical solution of the
governing equations in the inner zone including the impeller

swept region in the rotating non-inertial reference frame and
that in the outer zone excluding the impeller region in a fixed
inertial reference frame.6 The matching of the flow parame-
ters at the overlapping parts of the inner and outer zones was
necessary for each iteration to advance a time step.

The large eddy simulation was started from the velocity
field from the k-e model simulation with the time step of 1.0
3 1024 s. A computational domain consisting of 60 3 48 3
60 control volumes was defined for the case of x 5 62.8
rad/s and 60 3 72 3 120 for x 5 41.9 rad/s. The blade
thickness was chosen to be the size of a mesh. Normally
after 1 s, a stabilized flow field was achieved. In the following
2.5 s, the flow field data were collected and processed. The
instantaneous values were averaged to obtain the phase-
resolved vector fields.

The in-house computer code was compiled in FORTRAN
and was run on a PC computer with P4 CPU 2.80 GHz. A
typical job using the 60 3 48 3 60 grid took about 30 days
of CPU time, which is longer than that in the large eddy sim-
ulation of single phase flow with a 120 3 120 3 120 grid.20

Results and Discussion

In this work, the simulations of a gas-liquid tank stirred by
a Rushton impeller have been carried out for two turbulent
models. For the k-e model simulation, only half of the tank
was simulated, because the time-independent two-phase flow
was sought.

Flow map

Figures 2 and 3 show the instantaneous velocity vector
maps of the gas and liquid phases in the r-z plane located
midway between two blades at three different time instants,
1.9, 2.6 and 3.0 s, respectively. We can see clearly that the
flow pattern in a gas spargered tank is very complex, which
could not be well predicted by the k-e model. There are
many small vortexes in both the gas and the liquid flow
fields and the flow patterns change with the time. The flow
in the tank is not symmetrical as most work presumed to be.

Figure 4 shows the phase-resolved vector fields of the gas
and liquid phases in the r-z plane located midway between
two blades. From the liquid vector map we can find that the
jets by the impeller are slightly upward inclined due to the
movement of the gas phase. Because part of the gas is
sucked back to the tank at the free surface, two small liquid
circulation rings appear just below the liquid surface and
near the wall. Compared with the flow maps of the liquid
phase, the large vortex in the under recirculation zones are
much closer to the wall. Different from the instantaneous ve-
locity fields, the phase-resolved velocity fields are basically
symmetrical except the place under the impeller disc, where
there are fluid flows across the axis.

Figure 5 shows the velocity vector plots simulated by the
k-e model in the same plane as in the Figure 4. Both the two
models give the similar time-averaged velocity vector fields.

Phase-resolved velocity

Figures 6 and 7 shows the profiles of the phase-resolved
resultant velocities at different radial positions in contrast to
the experimental data of liquid resultant velocity. It can be

Figure 7. Predicted Gas velocity profiles by the LES
compared with the experimental data of
liquid phase by Lu and Ju33 and the standard
k-e model prediction at different radial posi-
tions (x 5 62.8 rad/s).

(a) r 5 0.053 m; (b) r 5 0.073 m. [Color figure can be
viewed in the online issue, which is available at www.
interscience.wiley.com.]
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seen clearly that the predicted maximum velocity values
deviate from the experimental nearby the impeller disc.
Because of the movements of the gas bubbles and the up
decline of the liquid jets, the further the position is from the

impeller, the more the deviation of the predicted velocity is.
As the gas–liquid turbulent flow in a stirred tank is very
complex and difficult to be measured especially at high gas
holdup, few experiments are reported on gas or liquid velocity

Figure 8. Predicted Gas holdup profiles by the LES compared with the experimental data by Lu and Ju33 and the
standard k–e model prediction at different radial positions.

(a) x 5 62.8 rad/s; (b) x 5 62.8 rad/s; (c) x 5 62.8 rad/s; (d) x 5 41.9 rad/s; (e) x 5 41.9 rad/s. [Color figure can be viewed in the
online issue, which is available at www.interscience.wiley.com.]
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field and phase holdup. In comparison to the predictions by
the k-e model, these from the LES are more fitted to the ex-
perimental data of Lu and Ju,31 especially in the position
near the impeller tips. This is because that the flow in the
impeller zone is the most complex in the tank, which is
three-dimensional and anisotropic. The k-e model is unable

to simulate the strongly anisotropic flow well because it is
established on the basis of the assumption of isotropic turbu-
lent flow.

Up to now, there are seldom experimental velocity data of
the gas phase in multiphase flow in a stirred tank. It is
expected that the trends of variation of the velocities of two
phases are consistent considering the intensive interaction
between the gas and the liquid phase. Near the impeller, the
gas velocity shall be greater than that of the liquid phase
because of the effect of buoyancy of bubbles. The farther is
the location from the impeller, the closer are the velocities of
the two phases.

Gas holdup

Figure 8 shows the profiles of the phase-resolved velocities
at positions r 5 0.053 m, r 5 0.073 m, and r 5 0.103 m.
The predicted holdups by the LES agree better with the ex-
perimental values than those by the k-e model. However,
there are still great deviations between the predictions and
the measurements, because that there is no any proper model
to describe accurately the very complex two-phase flow in
the impeller zone.

Figure 9 shows the contours of the gas holdup in the r-z
plane located midway between two blades predicted by the
LES and the k-e model, respectively. Because some gas bub-
bles are inhaled by the impeller, the isolines of the gas
holdup around the blades are very close. In the bulk flow,
the results of the two turbulent models give very similar pat-
terns of gas holdup distribution. In the swept region, how-
ever, the k-e model gives bigger values than the LES does as
showed in Figure 8.

Energy dissipation is an important quantity in a stirred
tank since it provides a direct measure of energy input into

Figure 9. Averaged volume fraction of gas in the r–z
plane between blades (x 5 41.9 rad/s).

(a) standard k-e model; (b) LES. [Color figure can be
viewed in the online issue, which is available at www.
interscience.wiley.com.]

Figure 10. Phase-resolved energy dissipation e(m2/s3) in the plane between two impeller blades by the LES (x 5
41.9 rad/s).

(a) Liquid phase; (b) Gas phase. [Color figure can be viewed in the online issue, which is available at www.interscience.wiley.com.]
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the system at the impeller. In the context of LES, the total
dissipation is given by35

hei ¼ 2ðvt þ vÞjSj2
D E

(32)

where h i designates a statistical average over the whole
tank.

Figure 10 presents the distribution of the energy dissipa-
tion per mass of fluid in the plane midway between two suc-
cessive blades throughout the tank. The energy dissipation of
liquid phase is mainly concentrated in the impeller swept
region and in the impeller outflow. Very high dissipation
rates are located at the blade edges and near the wake of the
blades. The zone of high dissipation rate is smaller than that
in the single phase,20 which shows that the existence of the
bubbles suppresses the production of turbulence. It is inter-
esting to notice that the zone of high energy dissipation of
gas is rather large, both in the impeller outflow and in the
upper part of the upper bulk circulation zone. It seems that
the behavior is closely related with the large velocity of
interphase slip.

Conclusions

The LES turbulent model has great potential in under-
standing the fluid flow behaviors. In this article, a Eulerian-
Eulerian two-fluid model for gas-liquid two-phase flow was
first developed using the large eddy simulation for both gas
and liquid phases in a three-dimensional frame.

A conventional Smagorinsky sub-grid model was adapted
to modeling the turbulence of the liquid phase, with a third
order QUICK scheme used for convective terms. The relative
movement between the rotating impeller and the static baffles
was accounted for through the improved inner-outer iterative
algorithm. The spatial discretization of the governing equa-
tions was performed on a cylindrical staggered grid. A k-e
model was also carried out for the purpose of the comparison
to the LES.

The complex flow pattern of gas-liquid flow in a gas spar-
gered tank was well predicted. There are many small vor-
texes in both the gas and the liquid flow fields and the flow
patterns change with the time. The flow in the tank is not
symmetrical as most work presumed to be. The phase-
resolved predictions of the LES were compared with the ex-
perimental data and the results by k-e model suggesting that
LES is much better than the k-e model. The present study
has shown the suitability of the LES coupled with a two-fluid
model for simulating the gas–liquid flow in a stirred tank.

Because much computer time is needed in the large eddy
simulation, only the drag force was considered in this article.
Other inter-phase interactions, such as the virtual mass force,
may also be considered in future work. The two-fluid model
coupled with the LES can be extended to the numerical sim-
ulation of other two-phase flows, such as liquid–solid, gas–
solid and liquid–liquid flows.
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Notation

b5Length of the blades, m
cs5Smagorinsky coefficient
CD5 Inter-phase drag coefficient
d5Diameter of the bubble, m
D5 Impeller diameter, m
Eo5Evotos number
F5body force, kg m2 s22

g5gravity acceleration, m s22

G5 turbulence generation rate, kg m21 s23

Ge5 extra source of turbulence due to bubble phase, kg m21 s23

Hc5 clearance of the impeller, m
k5kinetic energy, m2 s22

N5 impeller speed, rev�s21

p5pressure, Pa m3 kg21

Re5Reynolds number
Ri5Richardson number (Ri ¼ k2

e2
uh
r
@ðruhÞ
@r )

S5 strain-rate tensor, s21

t5 time, s
T5 tank diameter, m

u, u5velocity, m s21

utip5 impeller tip speed, m
w5width of the blades, m
z5 axial coordinate
a5gas holdup
q5density, kg m23

k5Kolmogoroff microscale, m
l5viscosity, kg m21 s21

x, v5 angular velocity, rad s21

y5 angular coordinate, rad
s5 sub-grid stress, N m22

m5kinematical viscosity, m2 s21

d5distribution function
e5dissipation, m2 s23

D5filter width, m

Subscripts

l, g5 liquid and gas phase
b5bubble

eff5 effective
i, j, k5principal direction
r, y, z5 cylindrical coordinate directions

b5bubble

Overbar
25 space filtered
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